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Abstract 

A quantum theory of the region of pure gravitation was given earlier in two 
papers fer-qc/9908036| (Phys. Lett. A 265, 1 (2000)); fer-qc/0101056| . In this 



paper I provide further insight into the physics of this region. 
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... the solutions which the general theory of relativity allows... partition the three dimensional 
space into two regions: an inner region, bounded by a smooth two-dimensional null surface, 
which (the inner region) is incommunicable to the outer region which is, in turn, 

asymptotically flat. 



A quantum theory of precisely the inner region, the region of pure gravitation, a 
quantum not classical region was recently given in two papers [|l], |2|. The main aim here 
is to provide further insight into the physics of this region in order to help other researchers 
in their quest. 

[The writing of the present paper, the last of the trilogy, is animated by the very recent 
review paper by Carlip || which came to my attention. The abstract of Carlip's paper 
reads: 

"The problem of reconciling general relativity and quantum theory has fascinated and 
bedeviled physicists for more than 70 years. Despite recent progress in string theory and 
loop quantum gravity, a complete solution remains out of reach."] 

When I gave a copy of the first paper [|TJ to a bright graduate student in string theory, 
he came back and told me that he does not agree with me because equation (1), namely 



for the test particle does not take into account the back reaction of the test particle. I 
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asked him if he would be satisfied if we set the attributes of the test particle, Eand L, 
to zero in ([[]). He said, yes. So I asked him to go home and read the paper again, this 
time a little more carefully. I took it that he must have realized that the final equation 
(8) which is 

(--^-^]u=- 1 -U (2) 
{ 2dr* r ) U 2 ' [ ) 

was devoid of the test particle's attributes and hence its back reaction. Equation (2) is 
the quantum equation of the inner region, the region of pure gravitation. 

Putting E and L equal to zero in the classical time-like geodesic equation ([I]) and then 
applying the Schrodinger prescription is equivalent to the method given in Q. It not only 
removes the logical inconsistency pointed out by the graduate student, but also makes 
the value of the Schwarzschild coordinate r that of the boundary of the inner and outer 
regions i.e. of the horizon with r = there. This can be seen as follows (3J. Consider the 
radial geodesic with zero angular momentum ||: 

!(*_!). (3) 

Now, using the test particle language, if a test particle in the outer region starts from rest 
(j- = t = 0) at some finite distance j-j and falls towards the inner region, the relation 
between the constant E, which is usually interpreted |J as the total energy of the test 
particle per unit mass |7j], and the starting distance r$ is given by 

E = 1 — 2—. (4) 

It is easy to see from that when r» = oo, E — 1, as it should be |§; and when 

n = 2m, E = 0. (5) 



One usually interprets || the result @ by saying that a test particle cannot be at rest at 
r = 2m, or that no material test particle can have f = at r = 2m, the location of the 



horizon. However, the more viable interpretation Jl0| is the obvious one, namely, that one 
can have f = at r = 2m with no test particle, r simply being the position in the (r, r) 
space. Thence follows the dynamical equation for the inner (r, r) region, namely 

1 9 m 1 

-r 2 = — . 6 

2 r 2 y ! 

However the full force of (|6|) is realized only in its quantized form (2) which is also 
obtainable by using Schrodinger's prescription in (Q). 

The quantum equation (2) for the inner region of pure gravitation can also be obtained 
without employing the notion of a test particle. Consider the Schwarzschild spacetime 
(r, t) represented by the metric || 



2m \ , 9 / 2m\ _1 
1 )dt 2 + 1 



ds* = -(l-^)df+(l-^) dr\ (7) 

It is static in the outer region r > 2m, r = 2m being the static limit. Taking ds 2 = —dr 2 
and dividing by dr 2 , one gets 



! 2m \ 



2m \ - 9 / 2m \ , 
t 2 - 1 r 2 



or 

2m / 2m N 2 



l 

) 



2m / 2m V -99 

— = t ~r 2 , (9) 



r / 



as the equation for the time-like curve in the (r, t) plane. In the outer region (r > 2m), r 
is spacelike and t is timelike. The curve (|9|) is traceable by keeping f = from r = 00 to 
r = 2m. At r = 00, t — 1 and at r = 2m, £ = 00, that is at r = 2m the t-time exhausts 



its full extent by becoming infinite. On the other hand, in the inner region (r < 2m), r 
becomes time-like, i.e. dynamic |Tl |, the equation describing the dynamics is given by 

2m 9 

1 = -f 2 10 

r 

with r = 2m being the dynamic limit. Equation (|H]) is (^) and as stated earlier, applica- 
tion of the Schrodinger recipe to (H) gives the quantum equation (2) for the inner region 
of pure gravitation. 

I emphasize here that the numerical 1 on the LHS of equation ( |I0"D and the — | on 
the RHS of (|B|) is a manifestation of the fact that dr 2 maintains its invariance along the 
time-like curve. In other words, the appearance of — | on the RHS of (Q) is a direct 
consequence of general relativity. Its full importance is realized in the quantum equation 
(2). Equation (2) says that the inner region of pure gravitation is describable, quantum 
mechanically, as a bound state with binding energy equal to |. It has been shown in paper 
|J that this is possible for infinitely many discrete values of the mass fi, which are given 
by 

H n = 2(n + l)u, n = 0,l,2,... (11) 

with uj = 2. Equation ([□]) is a direct result of the fact that equation (2) is equivalent to 
a four-dimensional quantum oscillator of angular momentum precisely equal to zero, in 
full agreement with the fact that the classical Schwarzschild metric is angular momentum 
a = case of the classical Kerr metric. Extension of the above quantization procedure to 
the Kerr inner region leads naturally to the quantization of the angular momentum a in 
the Kerr metric, equation (2) being generalized to equation (30) of reference and the 
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mass /i to 

finj = 2(n + j + lV, n = 0,l,2....;j = 0,1,2, ....n (12) 

In equation (12) 2j is the angular momentum quantum number of the four- dimensional 
quantum oscillator, and + corresponds to a 2 [^j. Modern interpretation of equation 
(12) automatically leads to the concept of a quantum of pure gravitation of energy twice 
the planck energy and spin angular momentum one. It [quantum of pure gravitation] has 
only two states of polarization. It is well known that pure radiation also behaves as a 



quantum oscillator [fL3|| . Thus in that sense, the quantum of pure gravitation is like the 
quantum of pure radiation (photon), except that the quanta of pure gravitation always 
come in pairs |fU}| . At the fundamental level, the pair has spin zero or spin two. (One 
may be tempted to identify the spin zero pair with the Higgs particle and the spin two 
pair with the "graviton", but that would make both of them out of experimental reach 
for at least a century!) Consequently the physical entropy of a large black hole of mass 
M can be calculated using the same method given by Bose for blackbody radiation [|], ||[| . 
The calculations give the same result as expressed by the Bekenstein-Hawking formula, 
except that the physical temperature of the black hole is defined by @ 

2tt(1-^)V2 2tt 1 ; 

which, of course, reduces to j- for a non-rotating black hole. Relation fll3|) not only gives 
the correct entropy, j, for the non-extremal case (a < M) but also for the extremal case 
(a = M), in which case T = and A = 8irM 2 . It would be interesting to obtain (p~3|) 
using semiclassical methods. 

It is generally thought by relativists that in qunatizing general relativity there is a 



t-time problem WE\. Note however that there is no such problem in the present theory. 
As emphasized earlier, the inner region is a (r, r) region, not a (r, t) region, and the 
classical dynamical equation (||) involves derivatives only with respect to r, the proper 
time. Furthermore, since dr is invariant under a general transformation of coordinates, r 
has the same character as that of Newton's 'absolute' time, and, as is clear from (H), the 
variable r behaves like the Cartesian coordinate of Newtonian mechanics. Consequently, 
the Schrodinger prescription applied to (|6|) to obtain (2) is truly valid. 

Now the occurrence of a classical singularity at r = is much discussed in the literature 
|nj. But quantum mechanically there is no singularity at r = as can be verified by 
simply calculating the expectation value of r. Using n — 1, I — coulombic wave function 
(note that for n = 1, m = 1 in (7) of [PJ) the expectation value < r >, comes out to be |. 

By now a thoughtful reader may be asking herself: "What is the quantum equation 
for the outer region?" Of course, it is equation (5) of namely 



1 d ( 2 d \ 1(1 + 1) m ml(l + 1) 



2r 2 dr \ dr 



2r 2 



r 



R(r) = \(E* - l)R{r) (14) 



though it is only approximate, and in it E and / are the energy and angular momentum 
quantum number, respectively, per unit mass of the test particle. She may want to use 
(|j~4|) to calculate Rutherford scattering (1^ . 

In closing I encourage the curious some to apply the above quantization procedure to 



the Reissner-Nordstrom case to see what quantized values of charge it gives. 
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